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THE MAXIMUM AND MINIMUM GENUS OF A
MULTIBRANCHED SURFACE
MARIO EUDAVE-MUN˜OZ AND MAKOTO OZAWA
Abstract. In this paper, we give a lower bound for the maximum and min-
imum genus of a multibranched surface by the first Betti number and the
minimum and maximum genus of the boundary of the neighborhood of it, re-
spectively. As its application, we show that the maximum and minimum genus
of G × S1 is equal to twice of the maximum and minimum genus of G for a
graph G, respectively. This provides an interplay between graph theory and
3-manifold theory.
1. Introduction
1.1. Definition of multibranched surfaces. Let R2+ be the closed upper half-
plane {(x1, x2) ∈ R
2 | x2 ≥ 0}. The multibranched Euclidean plane, denoted by Si
(i ≥ 1), is the quotient space obtained from i copies of R2+ by identifying with their
boundaries ∂R2+ = {(x1, x2) ∈ R
2 | x2 = 0} via the identity map. See Figure 1 for
the multibranched Euclidean plane S5.
Figure 1. The multibranched Euclidean plane S5
A second countable Hausdorff space X is called a multibranched surface if X
contains a disjoint union of simple closed curves l1, . . . , ln satisfying the following:
• For each point x ∈ l1 ∪ · · · ∪ ln, there exist an open neighborhood U of x
and a positive integer i such that U is homeomorphic to Si.
2010 Mathematics Subject Classification. Primary 57M25; Secondary 57M27.
Key words and phrases. link, punctured sphere, cabling conjecture, incompressible surface,
essential surface, multibranched surface.
The first author is partially supported by grant PAPIIT-UNAM 116720.
The second author is partially supported by Grant-in-Aid for Scientific Research (C) (No.
17K05262) and (B) (No. 16H03928), The Ministry of Education, Culture, Sports, Science and
Technology, Japan.
1
2 MARIO EUDAVE-MUN˜OZ AND MAKOTO OZAWA
• For each point x ∈ X − (l1 ∪ · · · ∪ ln), there exists an open neighborhood
U of x such that U is homeomorphic to R2.
1.2. A construction of a multibranched surface by a covering map. To
construct a multibranched surface, we prepare a closed 1-dimensional manifold L,
a compact 2-dimensional manifold E and a continuous map φ : ∂E → L satisfying
the following conditions.
(1) For every connected component e of E, ∂e 6= ∅.
(2) For every connected component c of ∂E, the restriction φ|c : c→ φ(c) is a
covering map.
The quotient space X = L ∪φ E is called the multibranched surface obtained
from the triple (L,E;φ). We note that L and E are not necessarily connected.
A connected component of L (resp. E, ∂E) is said to be a branch (resp. sector,
prebranch) of X . We note that every branch of X is homeomorphic to the 1-
sphere S1. The set consisting of all branches (resp. sectors) is denoted by L(X)
(resp. E(X)).
For a prebranch c of a multibranched surface X , the covering degree of the
covering map φ|c : c → φ(c) is called the degree of c, denoted by d(c). We note
that d(c) is a positive integer. We give an orientation for each branch and each
prebranch c of X (In the case that every sector s is orientable, the orientation of
c is induced by that of s). The oriented degree of a prebranch c of X is defined as
follows: if the covering map φ|c : c → φ(c) is orientation preserving, the oriented
degree od(c) of c is defined by od(c) = d(c) and if it is orientation reversing, the
oriented degree is defined by od(c) = −d(c).
A prebranch c of X is said to be attached to a branch l if φ(c) = l. We denote
by A(l) the set consisting of all prebranches which are attached to a branch l and
the number of elements of A(l) is called the index of l, denoted by i(l).
1.3. Regular multibranched surfaces. A multibranched surface X is regular if
for every branch l and every prebranch c and c′ of X which are attached to l,
d(c) = d(c′).
Let X be a regular multibranched surface. Since each pair of prebranches c, c′
of X which are attached to a branch l has same degree, then we define the degree
of a branch l as d(l) = d(c) = d(c′).
It was shown in [3] (cf. [5, Corollary 2.4]) that a multibranched surface is em-
beddable in some closed orientable 3-dimensional manifold if and only if the multi-
branched surface is regular.
1.4. Circular permutation system and slope system. In this paper, the car-
dinality of a set S is denoted by #S. A permutation of S is a bijection from the
additive group Z/nZ into S. Two permutations σ and σ′ of S are equivalent if there
is an element k ∈ Z/nZ such that σ′(x) = σ(x + k) (x ∈ Z/nZ). An equivalent
class of a permutation of S is a circular permutation.
For a regular multibranched surface X , we define the “circular permutation
system” and “slope system” of X as follows. A circular permutation of A(l) is
called a circular permutation on a branch l. A collection P = {Pl}l∈L(X) is called a
circular permutation system of X if Pl is a circular permutation on l. For a branch
l, a rational number p/q with q = d(l) is called a slope of l. A collection {Sl}l∈L(X)
is called a slope system of X if Sl is a slope of l.
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1.5. Neighborhoods of a multibranched surface. We define a compact 3-
dimensional manifold with boundary, called a “neighborhood” of a regular multi-
branched surfaceX . This is uniquely determined up to homeomorphism by a pair of
a circular permutation system P = {Pl}l∈L(X) and a slope system S = {Sl}l∈L(X)
of X .
Let X = L ∪φ E be a regular multibranched surface and let P = {Pl}l∈L(X)
and S = {Sl}l∈L(X) be a permutation system and a slope system of X respectively.
We will construct the 3-dimensional manifold by the following procedure. First, for
each branch l of X and each sector e of X we take a solid torus l ×D2, where D2
is a disk and take a product e × [−1, 1]. If e is non orientable, we take a twisted
I-bundle e×˜[−1, 1] over e. We give orientations for these 3-dimensional manifolds.
Next, we glue them together depending on the permutation system P and the
slope system S, where we assign the slope Sl of l to the isotopy class of a loop kl in
∂(l×D2), by an orientation reversing continuous map Φ : ∂E× [−1, 1]→ ∂(L×D2)
satisfying that for every branch l and every prebranch c with φ(c) = l, the restriction
Φ|c×[−1,1] : c×[−1, 1]→ N
(
kl; ∂
(
l ×D2
))
is a homeomorphism. Then, we uniquely
obtain a compact and orientable 3-dimensional manifold with boundary, denoted
by N(X ;P ,S). The 3-dimensional manifold N(X ;P ,S) is called the neighborhood
of X with respect to P and S. The set consisting of all neighborhoods of X is
denoted by N (X).
1.6. The maximum and minimum genus of a multibranched surface. A
compression body V is an orientable compact 3-manifold obtained from F × [0, 1] by
attaching 2-handles along pairwise disjoint loops on F×{1} and attaching 3-handles
along some resulting spheres where F is an orientable closed surface. The subspaces
F × {0} and ∂V − (F × {0}) of V are denoted by ∂+V and ∂−V respectively. We
note that V is a handlebody if ∂−V = ∅. For any orientable compact 3-manifold
M , there are two compression bodies V and W such that M = V ∪SW is obtained
by gluing V and W on the closed surface S where S = ∂+V = ∂+W .
The decompositionM = V ∪SW is called a Heegaard splitting and the orientable
closed surface S is called a Heegaard surface of M . The minimal genus of all
Heegaard surfaces of M is the Heegaard genus of M , denoted by g(M). For an
orientable compact 3-manifold N with boundary, the minimal Heegaard genus of
closed orientable 3-dimensional manifolds into which N is embeddable is denoted
by eg(N), called the embeddable genus of N . It is shown in [3, Proposition 3.1] that
eg(N) ≤ g(N), where g(N) denotes the minimal genus of Heegaard splittings of N
in a sense of Casson–Gordon ([1]).
For a regular multibranched surface X , we define the minimum genus min g(X)
and maximum genus max g(X) respectively as follows.
min g(X) = min{eg(N) | N ∈ N (X)}
max g(X) = max{eg(N) | N ∈ N (X)}
1.7. Upper bound for the maximum and minimum genus. The following
theorems give a upper bound for the maximum and minimum genus of a multi-
branched surface.
Theorem 1.1 ([3, Theorem 3.5]). For a regular multibranched surface X, we have
the following inequality.
max g(X) ≤ |L(X)|+ |E(X)|
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Theorem 1.2 ([3, Theorem 3.6]). For a regular multibranched surface X, for any
N ∈ N (X),
eg(N) ≤ rankH1(GN ) + g(∂N),
where GN denotes the abstract dual graph of N (defined in [3]). Therefore, we have
max g(X) ≤ max
N∈N (X)
{rankH1(GN ) + g(∂N)}
min g(X) ≤ min
N∈N (X)
{rankH1(GN ) + g(∂N)}
1.8. Lower bound for the maximum and minimum genus. In the following
theorem, we give a lower bound for the maximum and minimum genus of a multi-
branched surface. For a union S of closed orientable surfaces, we denote the sum
of genus of each closed orientable surface by g(S).
Theorem 1.3. For a regular multibranched surface X, we have the following in-
equalities.
min g(X) ≥ rankH1(X)− max
N∈N (X)
g(∂N)(1)
max g(X) ≥ rankH1(X)− min
N∈N (X)
g(∂N)(2)
By Theorem 1.3, we obtain the following inequality.
Corollary 1.4. Let X be a regular multibranched surface. Suppose that X can be
embedded in S3. Then we have
max
N∈N (X)
g(∂N) ≥ rankH1(X)
Since both sides of the inequality in Corollary 1.4 can be straightly calculated,
this would be a criterion for a multibranched surface to be embedded in S3.
1.9. On the genera of multibranched surfaces of (graphs)×S1. For a graph
G, we obtain a regular multibranched surface by taking a product with S1, that is,
for each vertex vi of G, vi×S1 forms a loop and for each edge ej of G, ej×S1 forms
an annulus. We consider the genus of a regular multibranched surface which forms
G×S1, and by using Theorem 1.3 show the following theorem which is an interplay
of the genus of a graph G and the genus of a multibranched surface G× S1.
The minimum genus min g(G) of a graph G is defined as the minimal genus of
closed orientable surfaces in which G can be embedded. We note that if a graph
G is embedded in a closed orientable surface F with g(F ) = min g(G), then F −G
consists of open disks. The maximum genus max g(G) of a graph G is defined as
the maximal genus of closed orientable surfaces in which G can be embedded and
the complement of G consists of open disks. We remark that Xuong and Nebesky´
determined the maximum genus of a graph by a completely combinatorial formula
([8, Theorem 3], [4, Theorem 2]).
At a glance, it seems to be difficult to determine the minimum and maximum
genus of a given graph. However, it can be combinatorially determined in principle.
Suppose that a graph G is embedded in a closed orientable surface F so that F −G
consists of open disks. Then, the genus of a regular neighborhoodN(G;F ) coincides
with that of F , and by the orientation of F , a rotation system of edges which are
incident to v is fixed for each vertex v of G. We remark that a rotation sysytem
and a circular permutation system are identical concept. Conversely, if a rotation
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sysytem is given for each vertex v of G, then by assigning a disk and bands to the
vertex v and edges which are incident to v respectively, we obtain an orientable
disk-band surface N up to homeomorphism. Then, by capping N off by open disks,
we obtain a closed orientable surface F in which G is embedded.
By the above observation, we have the following.
min g(G) = min{g(N) | N ∈ N (G)}
max g(G) = max{g(N) | N ∈ N (G)},
where N (G) denotes the set of orientable disk-band surfaces for G.
Theorem 1.5. For a graph G, we have the following equalities.
min g(G× S1) = 2min g(G)(3)
max g(G× S1) = 2max g(G)(4)
Remark 1.6. In [7, Corollary 1.2], it was shown that the minimal number
dimH1(M ;F ) for a closed orientable 3-manifolds M containing G × S1 equals to
2min g(G), where F = Zp or Q. It is well-known that g(M) ≥ dimH1(M ;F ).
Hence the inequality min g(G × S1) ≥ 2min g(G) of the first equality in Theorem
1.5 holds.
1.10. Rank of the first homology group. In this subsection, we assume that
all sectors are orientable. For a branch l and a sector s of a regular multibranched
surface X , we define d(l; s) =
∑
c⊂∂s od(c), where c is a prebranch attached to l.
The multibranched surface obtained by the removing a open disk from each sector
is denoted by X˙.
Theorem 1.7 ([3, Theorem 4.1]). Let X be a regular multibranched surface with
L(X) = {l1, . . . , ln}, E(X) = {s1, . . . , sm}. Then,
H1(X) =
[
l1, . . . , ln :
n∑
k=1
d(lk; s1)lk, . . . ,
n∑
k=1
d(lk; sm)lk
]
⊕ Zr
′(X)
where r′(X) = rankH1(X˙)− n.
In Theorem 1.3, we need to calculate the rank of the first homology group of X .
By using Theorem 1.7, we have
rankH1(X) ≥ rankH1(X˙)− n.
1.11. Example for the equality. In this subsection, we provide an example which
satisfies the equality of Theorem 1.3.
Let Γ be a rose with 2n petals (n ≥ 1), where a rose is a topological space
obtained by gluing 2n circles at a single point p. We consider the multibranched
surface X = Γ× S1, where X has single branch l = p× S1 and 2n sectors.
Let Ni ∈ N (X) (i = 1, 2) be a neighborhood of X which is determined by the
circular permutation of l, where Γi × S1 is a spine of N(Γ× S1). See Figure 1.11.
Then we have rankH1(X) = 2n+ 1, g(∂N1) = 2n+ 1, g(∂N2) = 1. Hence,
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Figure 2. Roses Γ1 and Γ2.
min g(X) = rankH1(X)− g(∂N1)
= (2n+ 1)− (2n+ 1)
= 0
and
max g(X) = rankH1(X)− g(∂N2)
= (2n+ 1)− 1
= 2n
1.12. Example for the inequality. In this subsection, we provide an example
which gives an arbitrary gap on the inequality of Theorem 1.3.
Let X1, X2 be multibranched surfaces. Take a disk Di in a sector of Xi for
i = 1, 2 and identify them (but do not remove the disk). Then we have a new
multibranched surface X which is denoted by X1#DX2 and we call it a disk sum
([2]). It is clear that
rankH1(X) = rankH1(X1) + rankH1(X2).
If N ∈ N (X), then there exist N1 ∈ N (X1) and N2 ∈ N (X2) such that N =
N1#∂N2, where #∂ means that we glue N1 andN2 along a disk on their boundaries.
It holds that
g(∂N) = g(∂N1) + g(∂N2).
If N1 embed in M1 and N2 in M2, then N can be embedded in M1#M2. From
this follows that
min g(X) ≤ min g(X1) + min g(X2)
max g(X) ≤ max g(X1) + max g(X2)
Now if we get an example satisfying min g(X) > rankH1(X) − max
N∈N (X)
g(∂N),
then by taking disk sums of X with itself many times, we can get a gap in the
inequality as large as we want. For example, if X is a spine of a lens space, this will
do. That is, ifX consists of a single curve as a branch, a unique sector which is a disk
and which have an index p around the branch. In this case, the equality of the sum
of Heegaard genus does happen since min g(X) = max g(X) = 1, rankH1(X) = 0
and max
N∈N (X)
g(∂N) = min
N∈N (X)
g(∂N) = 0. Note that if Xn is obtained by taking
n disk sums of X with itself, then g(Xn) = n, because Xn is the spine of the
connected sun of n lens spaces.
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It is unknown whether the minimum genus and maximum genus of a multi-
branched surface are additive under disk sums. This would follow the following
question.
Question 1.8. If N = N1#∂N2, where N,N1, N2 are compact orientable 3-
manifolds with boundary, then eg(N) = eg(N1) + eg(N2)?
2. Preliminaries
Lemma 2.1. Let M be a closed orientable 3-manifold and F be a closed orientable
surface which separates M into two 3-submanifolds M1 and M2. Then we have
rankH1(M) ≥ rankH1(M1) + rankH1(M2)− rankH1(F )
Proof. We consider the following Mayer–Vietoris sequence.
H1(F )
i
−→ H1(M1)⊕H1(M2)
j
−→ H1(M)
By the fundamental theorem on homomorphisms,
H1(M1)⊕H1(M2)/ ker j ∼= Im j
and we have
rankH1(M1)⊕H1(M2)− rank ker j = rank Im j
By the exactness of sequence, we have Im i = ker j. Hence we have the following
by the above equations.
rankH1(M) ≥ rank Im j
= rankH1(M1)⊕H1(M2)− rank ker j
= rankH1(M1) + rankH1(M2)− rank Im i
≥ rankH1(M1) + rankH1(M2)− rankH1(F )

The following lemma is essentially same as [7, Theorem 1.3 (a)] with a slightly
different settings.
Lemma 2.2 ([7, Theorem 1.3 (a)]). For a regular multibranched surface X and a
neighborhood N ∈ N (X), we have the following inequality.
eg(N) ≥ rankH1(X)− g(∂N)
Proof. Suppose that N is embedded in a closed orientable 3-manifold M with
eg(N) = g(M). Then M is separated by ∂N into two 3-submanifolds N and
say Y . By Lemma 2.1, we have
rankH1(M) ≥ rankH1(N) + rankH1(Y )− rankH1(∂N)
By an abelianization, we have
g(M) ≥ rankpi1(M) ≥ rankH1(M)
On the other hand, since it holds generally that rankH1(Y ) ≥
1
2rankH1(∂N),
rankH1(N) + rankH1(Y )− rankH1(∂N) ≥ rankH1(N)−
1
2
rankH1(∂N)
= rankH1(X)− g(∂N)
Hence we have the inequality of Lemma 2.2. 
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Lemma 2.3. Let F be a closed orientable surface of genus g and p be a point in
F . Remove intN(p×S1) from F ×S1, and glue a solid torus V with the remainder
along their boundaries so that the curve q×S1 bounds a meridian disk of V , where
q is a point in ∂N(p×S1). Then the resultant 3-manifold M has a Heegaard genus
2g.
Proof. Let a1, b1, . . . , ag, bg be 2g arcs properly embedded in F −intN(p) which cut
F − intN(p) into a single disk D. To consider the resultant 3-manifold M , first we
cut F×S1−intN(p×S1) along 2g annuli a1×S
1, b1×S
1, . . . , ag×S
1, bg×S
1. Then
we obtain a solid torusD×S1. Since ∂(a1×S1), ∂(b1×S1), . . . , ∂(ag×S1), ∂(bg×S1)
bound meridian disks in V , those annuli result 2-spheres, say A1, B1, . . . , Ag, Bg,
in the resultant 3-manifold M . Since a1, b1, . . . , ag, bg are non-separating in F −
intN(p), A1, B1, . . . , Ag, Bg are also non-separating in M . Let M
′ be a 3-manifold
obtained from M by cutting along A1, B1, . . . , Ag, Bg. M
′ can be obtained from
D × S1 by gluing 2g 2-handles along 2g annuli ∂V − (a1 × S1 ∪ b1 × S1 ∪ . . . ∪
ag × S1 ∪ bg × S1). We note that each of the 2g annuli goes around ∂(D × S1)
longitudinally once. Hence M ′ is a 2g punctured 3-sphere. Now we glue along each
copies of A1, B1, . . . , Ag, Bg and obtain M = (S
2×S1)# · · ·#(S2×S1) (2g sums).
Thus g(M) = g(S2 × S1) + · · ·+ g(S2 × S1) = 2g. 
3. Proofs
Proof of Theorem 1.3. (1) LetN ∈ N (X) be a neighborhood ofX with min g(X) =
eg(N). By Lemma 2.2,
eg(N) ≥ rankH1(X)− g(∂N)
≥ rankH1(X)− max
N∈N (X)
g(∂N)
Hence we have the inequality (1) of Theorem 1.3.
(2) Let N ∈ N (X) be a neighborhood of X with minN∈N (X) g(∂N) = g(∂N)
By Lemma 2.2,
rankH1(X)− g(∂N) ≤ eg(N)
≤ max g(X)
Hence we have the inequality (2) of Theorem 1.3. 
Proof of Theorem 1.5. Let G be a graph and put X = G × S1. We remark that
a neighborhood N ∈ N (X) does not depend on a slope system and depends only
on a permutation system since d(l) = 1 for each branch l. In the following, we will
show
eg(N(X ;P)) = 2g(GP),
where GP denotes a graph G equiped with the same permutation system P of X .
(≤) Let F be a closed orientable surface of genus g(GP). Then GP can be
embedded in F and XP can be embedded in F × S1, where XP denotes a multi-
branched surface X equiped with the same permutation system P of GP . We
remark that g(F × S1) = 2g(GP) + 1 ([6]). Let p be a point in F − GP . Then
by the Dehn surgery along p× S1 as in Lemma 2.3, we obtain a closed orientable
3-manifold M in which XP is embedded. By Lemma 2.3, g(M) = 2g(GP) and we
have eg(N(X ;P)) ≤ 2g(GP).
(≥) Let M be a closed orientable 3-manifold of genus eg(N(X ;P)) in which XP
can be embedded. We embedd GP with the same permutation system P of XP
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in a closed orientable surface F so that g(F ) = g(GP). Then F − GP consists of
open disks. By removing some edges of GP , there exsits a minor G
′
P of GP such
that F −G′P consists of a single open disk. Let X
′
P be the multibranched surface
corresponding to G′P × S
1. By Lemma 2.2,
eg(N(X ′P)) ≥ rankH1(X
′
P)− g(∂N(X
′
P))
Since N(X ′P) is a product of a once punctured closed orientable surface of genus
g(F ) with S1, rankH1(X
′
P) = 2g(F ) + 1 and g(∂N(X
′
P)) = 1. Hence we have
eg(N(XP)) ≥ eg(N(X
′
P)) ≥ 2g(F ) = 2g(GP)
Finally by taking the minimum and maximum of the above equality, we have
the equalities (3) and (4) of Theorem 1.5. 
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